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In this article, we introduce bipolar hypersoft topological spaces over the collection of bipolar hypersoft sets. It is proven that a 
bipolar hypersoft topological space gives a parametrized family of hypersoft topological spaces, but the converse does not hold in 
general, and this is shown with the help of an example. Furthermore, we give a condition on a given parametrized family of 
hypersoft topologies, which assure that there is a bipolar hypersoft topology whose induced family of hypersoft topologies is the 
given family. The notions of bipolar hypersoft neighborhood, bipolar hypersoft subspace, and bipolar hypersoft limit points are 
introduced. Finally, we define bipolar hypersoft interior, bipolar hypersoft closure, bipolar hypersoft exterior, and bipolar 
hypersoft boundary, and the relations between them, differing from the relations on hypersoft topology, are investigated. 


1. Introduction 


Many challenges in engineering, artificial intelligence, 
economics, environmental research, social science, and 
other fields include ambiguous or unclear data. As a result, 
traditional methods depending on the specific instance may 
be ineffective in solving or modeling them. Many theories 
have been developed to address these issues in light of this. 
Soft set theory was introduced by Molodtsov [1] as a rev- 
olutionary idea for dealing with uncertainty. In comparison 
to earlier ideas, he demonstrated how effective soft sets are at 
solving complex issues. Many scholars have since researched 
soft set theory’s properties, operations, and applications (see, 
for example, [2-8]). The relevance of topology and its 
multiple applications, particularly in physics, economics, 
and computer science, have piqued researchers’ interest in 
the topological structure of soft sets. There were two defi- 
nitions of soft topological spaces presented. Shabir and Naz 
[9] were the first to establish the concept of soft topological 
space on a universe set. Cagman et al. [10] used a soft set to 
demonstrate the notion of soft topological space. Following 
that, several academics concentrated on soft topological 
spaces [11-26]. 


Shabir and Naz [27] first used bipolar soft set to combine 
bipolarity [28] with soft set theory [1]. According to Dubois 
and Prade [28], our decision-making is built upon two sides, 
positive and negative, and we choose based on which is more 
powerful. Some definitions, operations, and applications on 
bipolar soft sets were studied in [29-32]. The notion of bipolar 
soft topological spaces over an ordinary set was first intro- 
duced by Shabir and Bakhtawar [33], along with studies into 
bipolar soft connectedness and bipolar soft compactness. The 
notions of interior and closure operators, basis, and subspace 
in bipolar soft topological spaces were studied by Ozturk [34]. 
By redefining bipolar soft topological spaces on a bipolar soft 
set, Fadel [35] has expanded the definition of bipolar soft 
topological spaces introduced in [33]. They have covered the 
key concepts and properties, as well as some illustrative ex- 
amples. For additional work on the topological structures on 
bipolar soft sets, one may study [36, 37]. 

In 2018, Smarandache [38] transformed the argument 
mapping F into a multiargument mapping to turn gener- 
alized soft sets into hypersoft sets. This notion is more 
adaptable than soft set and more suited to challenges in- 
volving decision-making. Under the hypersoft set envi- 
ronment, some vital basics (e.g., elementary properties, set 


theoretic operations, basic laws, relations, functions, and 
matrices) as well as applications are conceptualized in 
[39-46]. Musa and Asaad [47] initiated the study of 
hypersoft topological spaces. They defined hypersoft to- 
pology as a collection of hypersoft sets over the universe X. 
So, they defined elementary notions of hypersoft topological 
spaces such as hypersoft open sets, hypersoft closed sets, 
hypersoft neighborhood, hypersoft limit points, and 
hypersoft subspace. Further, hypersoft closure, hypersoft 
interior, and hypersoft boundary were studied, and some of 
their basic properties were investigated. 

Recently, Musa and Asaad [48] introduced the notion of 
bipolar hypersoft sets, which was created by merging the 
bipolarity [28] and hypersoft set [38]. It was distinguished by 
two hypersoft sets, one of which provided positive data and 
the other negative data. In their paper, they defined some 
basic operations such as bipolar hypersoft subset, bipolar 
hypersoft complement, and bipolar hypersoft difference. 
Furthermore, aggregate operations such as intersection, 
union, AND-operation, and OR-operation of two bipolar 
hypersoft sets with their characteristics were explored and 
illustrated with examples. 

The following is how the rest of the paper is laid out: 
Section 2 contains some basic definitions on bipolar 
hypersoft sets. In Section 3, we introduce bipolar hypersoft 
topological spaces, which are defined over an initial universe 
with a fixed set of parameters. Then, we discuss some basic 
properties of bipolar hypersoft topological spaces and define 
bipolar hypersoft neighborhood, bipolar hypersoft subspace, 
and bipolar hypersoft limit points. In Section 4, bipolar 
hypersoft interior, bipolar hypersoft closure, bipolar 
hypersoft exterior, and bipolar hypersoft boundary are 
defined. Also, the relationship between these concepts is 
investigated. In Section 5, we summarize the main results 
and make suggestions for further studies. 


2. Preliminaries 


Here, we recall some basic terminologies regarding bipolar 
hypersoft sets and hypersoft topological spaces. 
Throughout this work, we use X as an initial universe, 
P(X) as the power set of X, and E,,E,,...,E,, the pairs of 
disjoint sets of parameters. For i = 1,2,...,n, let A;, B; C E;. 
To keep things simple, for £E,xE,x---xE,, 
A, X A, X---xA,, and B, x B, x--- xB, we use the nota- 
tions E, A, and B, respectively. Let A, B ¢ E and each el- 
ement in A, B, and E is obviously an n-tuple element. 


Definition 1. [48] A bipolar hypersoft set over X is defined 
as (A,Q,A) where A and © are mappings given by 
A: A— P(X) and = Q: nA — P(X) © such _ that 
A(a@)NQO(na) = ¢ for all a € A. 


A bipolar hypersoft set (A, 0, .A) can be represented as 
follows: 


(A, Q, A) ={(a, A(a), O(7a)): a € Aand A(a)NO (7a) = ¢}. 


(1) 
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Definition 2. [48] Let (A,,0,,A) and (A,,0,,B) be two 
bipolar hypersoft sets over a common universe X, we say 
that (A,, 0, A) is a bipolar hypersoft subset of (A,, Q,, B) if 
for alla A: 

(1) ACB and; 

(2) A, (a) CA, (a) and ©, (na) CO, (7a). 


We symbolize it by (A,,.,A) © (Aj,Q,B). 


If (A, ©.,, B) is a bipolar hypersoft subset of (A,, 0,, A), 
then (Aj, Q), A) is said to be a bipolar hypersoft superset of 
(A,, O,, B). It is symbolized by (A,,Q,, A) E (A; 0), B). 


Definition 3. [48] (A,,0,, A) and (A,, ,, B) are said to be 
bipolar hypersoft equal if (A,,0,,A) © (A,,Q9,,B) and 
(Az,Q),A) © (Ay, ,,B). 


Definition 4. [48] (A,Q, A)* = (A‘, O°, A) is defined as the 
bipolar hypersoft complement of (A, ©, A), where A‘ and 0° 
are mappings given by A‘ (a) = O.(7@) and OF (ra) = A(a) 
for all ae A. 


Definition 5. [48] We called (®, ¥, A) over X a relative null 
bipolar hypersoft set if for all a¢ A, O®(a)=¢ and 
W (7a) = X. 


An absolute null bipolar hypersoft set over X is denoted 
by (®,¥, E). 


Definition 6. [48] We called (Y,®,A) over X a relative 
whole bipolar hypersoft set if for all a ¢ A, ¥(a) = X and 
D (7a) = ¢. 


An absolute whole bipolar hypersoft set over X is 
denoted by (Y, ®, E). 


Definition 7. [48] A bipolar hypersoft set (T,@,C), where 
C = ANB, is defined as the difference of (A,,0,, A) and 
(A,,Q,,B) over a common universe X if for all a € C: 
T'(a) = A, (a) NAS (a) = A, (a) NO, (7a) and 
O (na) =O, (na) U OS (na) = O, (ma) U A, (a). 
We symbolize it by (A,,Q,, A)\(A,, Q,, B) = (T,@,C). 


Definition 8. [48] A bipolar hypersoft set (IT,@,C), where 
C= ANB, is defined as the union of (A,,©,,A) and 
(A,,Q,,B) over a common universe X if for all a € C: 


T (a) = A, (a) UA, (a) and @ (7a) = 0, (na)NO, (Aa). (2) 
We symbolize it by (A,,,, A)LI (Aj, 95, B) = (I, ®,C). 
Definition 9. [48] A bipolar hypersoft set (T,@,C), where 


C = ANB, is defined as the intersection of (A,,0,, A) and 
(A,, Q,,B) over a common universe X if for all a € C: 


T (a) = A, (a) NA, (a) and @ (7a) = 0, (na) UO, (Aa). (3) 


We symbolize it by (A,,.2,, A)M (A>, 25, B) = (I, ®,C). 
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Definition 10. [47] If Ty is a collection of hypersoft sets over 
X, then Ty is a hypersoft topology on X if: 


(1) (®, E), (¥, E) belong to Ty. 


(2) The intersection of any two hypersoft sets in Ty 
belongs to Ty. 


(3) The union of any number of hypersoft sets in Ty 
belongs to Ty. 


Then, (X, Ty, E) is called a hypersoft topological space 
over X. 


Definition 11. [47] Suppose that (X, Ty, E) is a hypersoft 
space over X, then the members of Ty are said to be 
hypersoft open sets in X. 


Definition 12. [47] Suppose that (X, Ty, E) is a hypersoft 
space over X. A hypersoft set (A, E) over X is said to be a 
hypersoft closed set in X, if (A, E)° belongs to Ty. 


3. Bipolar Hypersoft Topological Spaces 


In this section, we introduce the concept of bipolar hypersoft 
topological spaces and study its relation with hypersoft 
topological spaces. Then, bipolar hypersoft subspace, bipolar 
hypersoft neighborhood, and bipolar hypersoft limit point 
are characterized. 


Definition 13. Let (A, O, E) bea bipolar hypersoft set over X 
and x € X. Then x € (A,Q, E) if x € A(qa) for all a € E. If 
x € (A, QO, E), then automatically x ¢ O.(7a@) for all sa €- E. 

For any x € X,x ¢ (A,O,E),ifx ¢ A(a) forsomea € E. 


Definition 14. (A,,Q,,E) and (A,,Q,,£) are said to be 
disjoint bipolar hypersoft sets if for all a€E, 
A, (a) NA, (a) = ¢. We denote it by 
(A,,.0,, £)N (A,,0,, E) = (®, O, E) where ®(a) = ¢ for all 
a € Eand O(7a)CX for all 7a €7£. 


Definition 15. Let Y ¢ X. Then, the bipolar hypersoft set 
(Y,®,E) over X defined by Y(a) =Y for all a€ E and 
® (=a) = ¢ for all sa EE. 


Definition 16. Let Y ¢ X. Then, the subbipolar hypersoft set 
(Ay, Oy, E) over Y of a bipolar hypersoft set (A, 0, E) over 
X is defined as 

Ay (a) = YN A(a) for all 
Oy (na) = YANO (7a) for all aa EAE. 


aeE and 


Definition 17. If T gy is a collection of bipolar hypersoft sets 
over X, then Tgy is a bipolar hypersoft topology on X if: 
(1) (®,¥, E), (¥,®, E) belong to T gy. 
(2) The intersection of any two bipolar hypersoft sets in 
Tay belongs to T gy. 
(3) The union of any number of bipolar hypersoft sets in 
Tay belongs to T gy. 


Then, (X,T gy, E,-7E) is called a bipolar hypersoft to- 
pological space over X. 


Definition 18. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space over X; then the members of T gy are said to 
be bipolar hypersoft open sets in X. 


Definition 19. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space over X. A bipolar hypersoft set (A, O, E) 
over X is said to be a bipolar hypersoft closed set in X, if 
(A, O, E)° belongs to T gy. 


Proposition 1. Let (X,T gy, E,-7E) be a bipolar hypersoft 
space over X. Then: 


(1) (®,¥,E), (¥,®,E) are bipolar hypersoft closed set 
over X. 


(2) The union of any two bipolar hypersoft closed sets is a 
bipolar hypersoft closed set over X. 


(3) The intersection of any number of bipolar hypersoft 
closed sets is a bipolar hypersoft closed set over X. 


proof. Follows from Definition 17 and De Morgan’s 
laws. | 


Definition 20. Suppose that X is an initial universe, E is the 
parameters set, 7=E is the not set of £, and 
Tax = {(®,Y, E), (¥,®, E)}. Then, T gy is called the bi- 
polar hypersoft indiscrete topology on X and 
(X, T gg, E, +E) is said to be a bipolar hypersoft indiscrete 
space over X. 


Definition 21. Suppose that X is an initial universe, E is the 
parameters set, =E is the not set of E, and Tg» is the 
collection of all bipolar hypersoft sets, which can be defined 
over X. Then, T.gy is called the bipolar hypersoft discrete 
topology on X and (X,T gy, E, E) is said to be a bipolar 
hypersoft discrete space over X. 


The following proposition shows that a bipolar hypersoft 
topological space gives a parametrized family of hypersoft 
topological spaces. 


Proposition 2. Suppose that (X,T gy, E,-7E) is a bipolar 
hypersoft space over X. Then, the following collections define 
hypersoft topology on X. 


() Ty = {(A, BAO, BET ae. 


(2) "Tap = { (0, 4E)| (A, Q, E) Tax} (provided that X 
is finite). 


Proof. (1) Suppose that (X,Tgy,E,-7E) is a_ bipolar 
hypersoft space over X. Then: 


(i) (0,¥,E), (¥,®,E)€T gy imply that (®,), 
(Y,E)€ Ty. 

(ii) Let (A,,E), (Aj, E) € Ty. Since (Aj,0,,E), (Ay, 
Q,,E) € Tay then (A,,0,,E)N(A,, 2,,E)€ 
T gy this implies that (A,,E)M (A), E)€ Ty. 


(iii) Let { (A, E)li € T} belong to Ty. Since (A;,.Q;,E) € 
T gy for alli € I so that Uje, (Aj, 0;, EVE T gy thus 
Hier (Aj E)E Ty. 


Hence, Ty defines a hypersoft topology over X. 
(2) The proof is similar to part (1). O 


Remark 1. The converse of Proposition 2 is incorrect as the 
next example shows. 


Example 1. Let X = {X1>Xa»X3Xa}s Ey = {@1, 2}, Ey = {ws}, 
and E, = {w,}. Assume that Tz = {(®,E), (Y,E), (A,,E), 
(A), E), (Ag, £), (Ag, £)} and aT y = {(0,,7£), (Q,,£), 
(Q.3,7E), (Q4,7E)} are two hypersoft topologies on X 
where the hypersoft sets (A,,E), (A,,£), (Aj, E), (Aq; E), 
(Q,,7£), (Q,,7£), (Q3,7£), and (Q,,E) are defined as 
follows: 
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and 
(0), 7E) ={(7(@ 1, 03, @4)s XioXa-Xah)> (7 (Wz, 3, @4)> [Xa Xa})} 
(Og, 7E) = {(> (0), 3, 4), $)s (7 (2303, @4)s {X2})}s 
(03, 7) = {(> (01, 5, @4)s (xi })s (7 (W253, 4) (Koh) fs 
(04, E) ={(> (01, 03, 4), {X3>Xa})» (4 (@2 @3, @4)s Xo» Xah)} 
(5) 
Then, 
Tag = {((®,¥, E), (Y,®, E), (Ay,0,,E), (Ag, O4, E), 
(A3,03,£), (Ay,O,4,E)} where (A,,0,,E), (A, 0), E), 


(A3,Q, £), and (A, Q,, £) are bipolar hypersoft sets over 
X, defined as follows: 


(Ay, 1, E) ={((@1, 3; 4)s Woh WeXs-Xah)> ((@2 35 @4)> ib WoXab)} 


(A, E) = {((@1, 3; 4), {Xa})>(@25 3 @4)> {Xi }) > 
(Az, E) = {((@, 3; 4), (Xi Xa})>(@2 3, @4)> {Xs} }> 
(Az, E) ={((@1, 3, @4), (X2})» ((@2» @3, 4) $)f> 
(Ag, E) = {((@1, @3; 4), (Xi X2})>(@2 W354) Kir Xah)} 
(4) 
(A303, E) ={((@, 03,04); 
(Ay, O4, E) = 
If we take 
(A,,.9j, E)M (A,, 05, £) = (A,Q, B), (7) 
then 
(A, O, E) = {((@1, @3, 4), {Xo}, 


(8) 
{XieX3-Xa})> ((@2 03, @4)> bs {X2Xah)}> 


but (LOB) e Tee Hence, Tgy is not a bipolar 
hypersoft topology on X. 


The following proposition demonstrates when the 
converse of Proposition 2 will be true. 


Proposition 3. Suppose that (X, Ty, E) is a hypersoft space 
over X. Then, Tg consisting of bipolar hypersoft sets 
(A, Q, E) such that (A, E)€ Ty and O.(7a@) = X\A (a) for all 
aa €7E, defines a bipolar hypersoft topology over X. 


Proof 


(i) Since (®, E) € Ty, then ¥ (7a) = X\®D (a) = X\p= 
X and hence (®, ¥, E) € T gy- Also, since (Y, E) € 


{ { 

(Az,.O5, E) ={((@1,. 03, © 4), {Xi Xah> H})> ((@2 03, @4)> {Xs} Wah bs 
{ { 
{ { 


(6) 


Kaho Wah)» (25> 4)» b WXa})f> 
((@1, 3, @4)> {Xa>Xab> (Xa>Xah)> ((@2» 3» @a)> Kao Xab> Wo Xab)f- 


Ty then ® (7a) = X\¥ (a) 
(YW, ®, E)E Tay. 

(ii) Let (A,, Q,, E), (Aj, 0, E) € T gy. Then (A,, E) € 
Ty andQ, (7a) = X\A, (a). Also, (Aj, E) € Ty and 
Q,, (7a) = X\A, (a). Now, since Ty is a hypersoft 
topology, then (A,, E)fi (A,, E) € Ty. Let (A, E) = 
(A,,E) A (A,,£); then Q(7a) = X\A(a) = X\ 
(A; (a) fi Ay(a)) = (X\A,(a)) Gi (X\A;(a)) = 
Q, (na@)HO, (7a). Hence, (A,,0,, £E)N (A, 0), E) 
E Tease: 

(iii) Let {(A;,Q;, E)li € I} € Tay. Then {(A;, E)li € I} 
€ Ty and Q;(7a) = X\A;(a). Now, since Ty is a 
hypersoft topology, then O;-;(A;,E) € Ty. Let 
(A,E) = Uje(A;, E) then O(na) = X\A(a) = 
X\ (GierAj (@)) = AjeO; (a). Thus U jer (Aj 0; E) 
€ Tg. Therefore, the proof is completed. O 


= X\X = ¢ and hence 


Definition 22. Let (YT gx, E, AE) and (XT ax, E, 7E) 
be two bipolar hypersoft topological spaces over X. If 


Tax, © Tay, then T gy, is said to be finer than T gy . If 


Ny IA 


Tax, © Tax, Taz, E Tay, then Tgy, and Tgy, 
are said to be comparable bipolar hypersoft topologies 
over X. 
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Proposition 4. Let (X, Tgyx>E, AE) and (X, Tgy,>E, 7E) 
be two bipolar hypersoft topological spaces on X, and then 
(X,Tgxzv,1T gy, E,7E) is a bipolar hypersoft topological 
space over X. 


Proof 


(i) (0, ¥,B), (¥,®, E) belong to Tay, NT gy, 

(ii) Let (Ay, 4, E), (Ay, 0,,E) € Tay, 1 Tay, Then 
(A,,Q,,£), ee € T gx, and (Ay, 4, £), 
(A,,0.,,£) _ T gz,- Since (Ay,0,,E) Nn 
(A,,.0,, E) € “Taw, and (A), 01, E) n (Aj; Op; E) 
Ee Tax, $0 (A,,0,,E)A(A,,,, Be Tax, n 
T gz, 

(iii) Let {(A,, 0;, Eli € J)} be a family of ae hyper- 
soft sets in Tax, 0 Tgy,. Then (A;, 0, E) € ee 
and (A;,Q;,E) € Tas for all ie, so Uje 


(A,B) 
(Ay, E) 
(A, 05,6) 


and 


(T,,0,,) 
(T;,0,,) 
(Ts,05,E) 


Then, . 
Tap gp (OE COE), AD). 8), 
(A), QO; ), (A3; G3; E), (T,, ©,,E), (T,, @,, E); (T3; @3, E)}. 
If we take 


(A,,,, E)U (Ty, ®,, E) = (A,Q, B), (11) 


then 


(A, Os E) = {((@ 1,3; @4); {X3>Xa}> b)> ((@2, 3 4), XG) f 


(12) 


but (A, QO, Ey € Tog Te, Hence, T gx, LI T gx, is not 
a bipolar hypersoft topology on X. 


Definition 23. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space over X, and (A, O, E) is a bipolar hypersoft 
set over X and x € X. Then, (A, Q, E) is said to be a bipolar 
hypersoft neighborhood of x if there exists a bipolar 
hypersoft open set (I,@,E) such that xe (T,0,E) © 
(A, Q, E). 


Proposition 5. Suppose that (X,T gy, E,-7E) is a bipolar 
hypersoft space over X; then: 


(A,03B) © Tage andl UG, Ble Toe, 
Therefore, U je; (Aj, O;, EVE Tax NT gy, 


Thus T gy, n T gx, defines a bipolar hypersoft topology 
on X and (X, Tax "Tgx,E, aE) is a bipolar hypersoft 
topological space over X. O 


Remark 2. The union of any two bipolar hypersoft topol- 
ogies on X may not be a bipolar hypersoft topology on X. 


Example 2. Let X = {X1>Xo»X3»Xa}> Ey = {@1, 2}, Ep = {ws}, 
and E, = {w,}. Let Tax, = (®,¥, E), (¥; ®, E), (Ay), E), 
(Az, Op, E), (A3, Os, E)} and T gx, = {(®,¥, E), (VY, ®, E), 
(T,,@,,£), (T,,0,, E), (13, O3, E)} be two bipolar hypersoft 
topologies defined on X where (A,,Q,,E), (A,,0,,E), 
(A;,0,£), (T),©,,E), (1,0, £), and (I, 03, E) are bi- 
polar hypersoft sets over X, defined as follows: 


= {((@1, 3, @4)s {X3>Xab Wah)> (W234) Wo Ash ab} 
= {((@1, 3, @4)s {Xa Xo Xs} O})> ((@2s 3, Wa)s KaXah oo Xa} hb (9) 
= {((@1, 3, 4); {Xa}> oh)» ((@2 @3, @4)> > Ki XaXshb} 


= {((@1 ©, 4)> a> Xah Wa h)> (W235 4), KioXaXab oh )} 
= {((@1 3, 4)s Ka Xab Wah)> (2304), Ko Xab Mab} (10) 
= {((@1 3, O4)> bs {Xa X3h)> (W233 W4)s Kab Xv Xah)}> 


(1) If (A,Q,E) is a bipolar hypersoft neighborhood of 
x € X, then x € (A,O, E). 

(2) Each x € X has a bipolar hypersoft neighborhood. 

(3) If (A,O,E) and (I,@,E) are bipolar hypersoft 
neighborhoods of some x€ xX, then (A,Q,E)n 
(I, ©, E) is also a bipolar hypersoft neighborhood of x. 

(4) If (A,Q, E) is a bipolar hypersoft neighborhood of 
x €X and (A,Q,E) E (I,@,E), then (I,@,E) is 
also a bipolar hypersoft neighborhood of x € X. 


Proof 


(1) It follows from Definition 23. 

(2) For any x¢ X, x € (¥,0,E) and since (¥,®, 
E)E Tay, so x€ (¥,®,E)C (¥,®,E£). Thus, 
(VY, ®, E) is a bipolar hypersoft neighborhood of x. 

(3) Let (A, QO, E) and (T, ©, E) be the bipolar hypersoft 
neighborhoods of x € X, then there exist (A,,Q,, E) 
and (A,, O,, E) e T gg such that x €(A,,Q0,,£) © 
(A, O, E) and x € (A,, 0), E) c (T, @, E). Now x € 
(A,,Q,,£) and x€ (A,,0,,E) imply that x ¢ 


(A,,Q,,£) A (A,,Q,,£) and (A,,Q,,£) A 


(A,, O,, E) € T gy. So, we have x € (A,,Q,,E) 1 


(A,, 0, E) E (A,Q, E)N(L,®, £). Thus, (A, Q, £)n 
(T, ©, E) is a bipolar hypersoft neighborhood of x. 
(4) Let (A, O, E) be a bipolar hypersoft neighborhood of 
xéX and (A,Q,E) € (I,@,E). By definition, 
there exists a bipolar hypersoft open set (A,, Q,, E) 
such that x € (A,,Q,,E) E (A,O,E) E (T,@,£). 
Thus, x € (A,,Q,,E) E (I, @, E). Hence, (I, ®, E) is 
a bipolar hypersoft neighborhood of x. O 


Proposition 6. Suppose that (X,T gy, E,-7E) is a bipolar 
hypersoft space over X and (A, Q, E) is any bipolar hypersoft 
open set over X; then (A,Q,E) is a bipolar hypersoft neigh- 
borhood of each point of N y-pA (a), that is, of each of its points. 


Proof. Let (A,Q,E) € Tg. For x € MN yepA(a), we obtain 
x € A(a) _for each ack. Therefore, 
x € (A,Q,E) © (A,Q,E) and hence (A,Q, E) is a bipolar 
hypersoft neighborhood of x. O 


Remark 3. The converse of Proposition 6 is incorrect as the 
next example shows. 


Example 3. Consider Tgyz, given in Example 2 and let 
(A, Q, E) be any bipolar hypersoft set defined as follows: 


(A, O, E) = {((@1, @3, @4), Xi X3-Xah Wat) 


* ((@2; 334), {Xo Xa} Wa} )}> 


Then, (A, Q, E) is a bipolar hypersoft neighborhood of each 
point of N ,-pA (a), that is, of each of its points, but it is not a 
bipolar hypersoft open set. 


(13) 


Definition 24. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space over X and (A, Q, E) is a bipolar hypersoft 
set over X. A point x € X is called a bipolar hypersoft limit 
point of (A,O,E) if (A,O,E)N ((T, O, E)\{x}) # (®, ¥, E) 
for every bipolar hypersoft open set (I, ©, E) containing x. 
The set of all bipolar hypersoft limit points of (A, Q, E) is 
denoted by (A, Q, EY, 


Proposition 7. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space over X and (A,,0,,E), (A,,Q,, E) are bi- 
polar hypersoft sets over X. Then, 
(1) (A), 0), B)E (A,; Q,, E) 
(A,, 0, E)4 - - 
(2) (Ap), BY (Ay, 2, B))"E (Ay, B)"71 (Az, Q,, 
E)*. 


implies (A,,Q,, E)’c 


(A, O, E) 
(T, ©, E) 


= {((@1, 3, @4); 1X 


} 
= {((@, 3, @4)> {Xo} 
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(3) (Ay O1,E)U (Ay, Q2,B))* = (Ay, BYU (Ag, 


O,; E) 


Proof 


(1) Let x € (Aj, 0, E)4 so that x is a bipolar hypersoft 
limit point _of (A,,0,,E). Then, by definition 
(A,, O,, E) rn (1, ©, E)\{x}) # (®,¥, E) for every 
bipolar peas set (I, @,E) containing x. 
But (A,,Q),£) © (A,,Q,,E), and it follows that 
(Ay, Op, E) | n((T, ©, E)\{x}) # (®, ¥, £). Thus, xE 
(A, 29, E)*. Therefore, (A,,0,,E)7 © 
(Ani 


(2) Since (A,,,,E) M (A,,Q,£) © (A,,,,E) and 
(A,,9;,E) A (A,,0,,B) E (A,,0,, 8), it follows 
from (1.) that ((A,,Q,,E) A (A,,Q,,£))4 
(A,,Q,,B)4 and ((A,,,,£) 1 (A,,9,,£)) 
(Ay,9,,E)4. So, ((Ay,0), E)M (Ay, ,, ED)? 
(A,,0,,E)4 1 (An OnE) 

(3) Since (A,,Q,,E) © (A;,0,,£) u (A,,Q,,E) and 
(A,, Q,,E) ce (A101) u (A;,0,,E), by (1.), we 
have (A,,0,,E)4 E ((Ay,0;,£) u (Att ck))* and 
(Ay: 0,58)" © (A yOsk) L (Ay,0),B)) 
(A,,Q,, E)" (A,,Q,,E)¢ E ((A,,,,E) 
(A,,0,,E))*.. Now, let xe ((A,,0,,E) 


(Az,Q),E))*. Then, ((A,,Q,,E) U (A,,0,,E)) 
((1,0,E)\{x}) # (®, V,E) for every bipolar 
hypersoft open set (I',@,E) containing x. Therefore, 


(A,,Q,,E) mM ((E,0,E)\{x}) € (0,¥,B) or 
(A,,Q,,E) A ((L,0,E)\{x}) # (®,¥, E). Thus, x € 
(A,,0,,E)? or xe€ (A,,0,,E)4 
(A, O.8)" u (Ag ,E)4. Therefore, ((A,, Q,,E) U 
(A, O32) VE (A,,0,,£)4 LU (A,,Q,,)*. Now, we 
have ((A,,Q,,E) U(A,,Q,,E))7=(A,, Q,, E)4 
L(A,,,,E)4. Oo 


IN INQ WAY 


n 
2 


c 
u 


elt Ew Ew 


and then xé 


Remark 4. The equality in Proposition 7 (2.) does not hold 
in general as shown in the next example. 


Example 4. Let us consider the bipolar hypersoft topological 
space (X, Tgyx>E, 7E) in Example 2 and let (A, O, E) and 
(I, ©, E) be bipolar hypersoft sets defined as follows: 


AX2Xa})> ((@2 0304) KioXah Wah )h 
{XirXat)> (W203, 04)s Wa} WieXaXab)} 


(14) 
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Then, (A,0,E)4 = (1,0,E)* = {y,,y3}. But (A,0,E) 7 
(T,0,£) = (®,¥,E) and ((A,0,£) O (1,0,£))* = 
(@, ¥, E)4 ¢. Hence, ((A,,Q,, E)N (Aj, Q,, E))4 # 


(As OnE) Gs On BI 


uv ll 


Definition 25. Let (X,T gg, E,-7E) be a bipolar hypersoft 
space over X and let Y be a nonempty subset of X. Then, 


Tax, =| (Ay Oy, E) |(A, Q, E) e Teh (15) 


is said to be the relative bipolar hypersoft topology on Y and 
(Y.T 2 Hy Es aE) is called a bipolar hypersoft subspace of 
(X, Tax E, nE). 


It is easy to verify that Tgy, is a bipolar hypersoft 
topology on Y. 


Example 5. Any bipolar hypersoft subspace of a bipolar 
hypersoft indiscrete topological space is a bipolar hypersoft 
indiscrete topological space. 


Example 6. Any bipolar hypersoft subspace of a bipolar 
hypersoft discrete topological space is a bipolar hypersoft 
discrete topological space. 


Proposition 8. Assume that (Y, Tax, E,7E) and 
(Z,T gy,,E,7E) are bipolar hypersoft subspaces of 
(X,T gy, E,7E) and Y ¢ Z. Then, (%~Tgx>E, nE) is a 
bipolar hypersoft subspace of (Z,T gy,,E, 4E). 


Proof. Since Y ¢ Z, then Y = Y/N Z. From Definition 16, 
each bipolar hypersoft open set (Ay, Oy, £E) is defined as 
Ay (a) = YN A(a@) and Oy (na) = YNO. (7a), for each a € E 
where (A,Q,E) is a bipolar hypersoft open set of 
(X, T gw, E, aE). Now, for each a € E, 


Ay (a) = (YNZ)NA(a), Oy (na) = (YNZ)NQO (=a), 
=>Ay (a) = YN (ZNA(a)), Ay (na) = YN (ZNO (=a)), 
=Ay (a) = YNA;z (a), Oy (ma) = YNQ, (7a), 

(16) 
where (A,,Q,, E) is a bipolar hypersoft open set of Z. So, 


(VT gyv,E,7E) is a bipolar hypersoft subspace of 
(Z, Tax, E, 7E). O 


4. Bipolar Hypersoft Closure, Bipolar Hypersoft 
Interior, Bipolar Hypersoft Exterior, and 
Bipolar Hypersoft Boundary 


In this section, we introduce the notions of bipolar hypersoft 
closure, bipolar hypersoft interior, bipolar hypersoft exte- 
rior, and bipolar hypersoft boundary supported with some 
properties and relations between them. 


Definition 26. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space, and (A, Q, E) is a bipolar hypersoft set over 
X. The bipolar hypersoft closure of (A, O, E) is denoted by 
(A, QO, E) and is defined as the intersection of all bipolar 
hypersoft closed supersets of (A, Q, E). 


_ In other words, (A,Q,E) = NM \{(I,@,B)| (1,0, B) 
€ Tgy, (T,0,E) E (A,Q, E)\}. 


Proposition 9. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space, and (A, Q, E) is a bipolar hypersoft set over 
X. Then: 


(1) (A, QO, E) is the smallest bipolar hypersoft closed set 
containing (A, Q, E). 

(2) (A, Q, E) is a bipolar hypersoft closed set if and only if 
(A, O, E) = (A, O, E). 


Proof 


(1) It follows from Definition 26. 

(2) Suppose that (A, O, E) is a bipolar hypersoft closed 
set. So, (A,Q,E) itself is the smallest bipolar 
hypersoft closed set over X containing (A, QO, E) and 
hence (A,Q,E) = (A,Q,E). Conversely, _ let 
(A, QO, E) = (A, QO, E). By (1.), (A, ©, E) is a bipolar 
hypersoft closed, and (A,Q,E) is also a bipolar 
hypersoft closed set over X. O 


Proposition 10. Suppose that (X,T gy, E, 7E) is a bipolar 
hypersoft space over X and (A,,,,,E), (A,,0,,E) are bi- 
polar hypersoft sets over X. Then: 
(1) (®,¥, E) = (®,¥,E) and (¥,®, E) = (¥,®, E). 
(2) (Ay, Q), E) E (A;,),£). _ 
(3) ((Ay, 4, E) E (A;,Q9,,E) implies (A,,0,,E) © 
(A); O,; E). 


(4) ((Ay,Q,E)U(A3,Q,E)) = (Ay, OQ, E)LI(Ag, Oy, B). 


(5) ((Ay,Q,,E)M(A3,Q,,E)) E (Ay, 0), BE) (Ag, Og, B). 


(6) (A), O), E) = (A), Q), E). 


Proof 


(1) Since (®,'¥, E) and (‘¥,®, E) are bipolar hypersoft 
closed sets, then by Proposition 9 (2.), we have 
(®, ¥, E) = (®,¥, E) and (¥,®, E) = (¥,®, E). 

(2) By Proposition 9 (1.), (A,,Q,,£) is the smallest 
bipolar hypersoft closed set containing (A,,,, E) 
and so (A,,Q,,£) © (A,,Q,, E). 

(3) By (2.), (Az, Q,,E) E (A,,Q,, E). Since (A,,.0,, E) 
E (A,,Q,,E), we have (A,,0,,E) © (A;,Q,, B). 
But (A,,0,,E) is a bipolar hypersoft closed set. 
Thus, (A,,0,,E) is a bipolar hypersoft closed set 
containing (A,,0,,£). Since (A,,0,,E) is the 
smallest bipolar hypersoft closed set over X con- 
taining (A,,Q,,E), so we have 
(A,, QO), E) C (A); Q,, E). 


(4) Since (A,,Q,,E) E (A,,Q,,E) U (A,,Q,,E) and 
(Ay, QE) E (Ay,0,,E) U (Ay,Q,B), by (3), 
(A, O,8) ©  ((A,,0,,E)U(A,,0,,E)) and 
(A,,95E) E ((Ay,Q,,E)U(A,,,,E)). Hence, 
(A,,Q,,E) U (A,,Q5,B) £ 
(Ap Gh E)u (A,, 0, E)). Now, since (A,,Q,, E) 
and (A,,Q.,£) are bipolar hypersoft closed sets, 
(A,,0),6) 
closed. Also, 


(A,,Q,, E) is also bipolar hypersoft 

(A, QE) © (A,0,,£) and 
(Aj,95,E) © (A;,Q5,E) imply that (A,,,,B) U 
(A;,Q,,E) E (A,,Q,E) U (Aj,Q,,£). Thus, 
(A,, 04, E) u (A,,Q,,E) is a bipolar hypersoft 
closed containing (A,, Q,,E) u (A,, O,, E). Since 
((A,, 94; E)LI (AQ, E)) is the smallest bipolar 
hypersoft closed set containing (A,,,,E) 


(A,,.Q,,E), we have ((A,,,,E)LI (A>, Q,, E))) 


u 
af 


(A, O, E) ={((@ 1, 03; @4), 9X), ((@,@3, 04), > Ka XoXsh)} 
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(Ay, Q4, E)U (Ag, 03, B)). So, ((A,, Q,,B)u (A,, O,,; E)) = 
((Ay, 1, E)U (Ap, 2, B)). - 

(5) Since (A,,0,,E) M (A,,Q0,,£) © (A,,,,E) and 
(A,;,9,,E) 1 (A,,0,,E) E (A,,Q,,B), then 
(Ay, Q1,E)M(Ay,Q,,£))) E (Ay,Q,,£) and 
((A,,Q,, EVA (A, 5, E)) © (Ay,05, E). Therefore, 
((Ay,Q,,B)A(Ay,.05,B)) © (A Op EN(A, 03, B). 


(6) Since (A,,Q,,E) is a bipolar hypersoft closed set, 
therefore, by Proposition 9 (2.), we have 


(Ay, 01, £) = (Ay,0), E). O 


Remark 5. The equality does not hold in Proposition 10 (5.) 
as the following example shows. 


Example 7. Let us consider the bipolar hypersoft topological 


space (X, Tgyx>E, 7E) in Example 2 and let (A, , E) and 
(T, ©, E) be bipolar hypersoft sets defined as follows: 


(17) 


(TO, E) ={((@1, @3, 4) {Xr} KaeXa})> (2,3, @a)s Ka} Kab} 


Then, (A,Q, E) = (A,,,,E)*° and (I, @, E) = (A, O;, E)° 
and (A,Q,£) A (1,@,£) = (A,,9,, E)’. Now, (A,Q,E) A 
(T,0,E) = (®,¥,E) and ((A,Q,E)N(1,®,B))) = 
(0, ¥, E) = (0, £). ((A, Q, E)A (I, @, E)) # 
(A, 0, E)NC, ©, E). 


Hence, 


Definition 27. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space over X, and (A, O, E) is a bipolar hypersoft 
set over X and x € X. Then, x is said to be a bipolar hypersoft 
interior point of (A, Q, E) if there exists a bipolar hypersoft 
open set (I, @, E) such that x € (IT,@, E) E (A,Q, E). 


Definition 28. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space over X. The bipolar hypersoft interior of 
bipolar hypersoft set (A, ©, E) is denoted by (A, Q, E)° and 
is defined as the union of all bipolar hypersoft open set 
contained in (A, Q, E). 

In other words, (A, ©, E)° = 
Tg (1,0, E)E (A, Q, E)}. 


U {(1,@,B)|(1,@, Ee 


Proposition 11. Suppose that (X,T gy, E,-7E) is a bipolar 
hypersoft space and (A, O, E) is a bipolar hypersoft set over X. 
Then: 


(1) (A,Q, E)° is the largest bipolar hypersoft open set 
contained in (A,Q, E). 


(2) (A, Q, E) is a bipolar hypersoft open set if and only if 
(A, O, E) = (A,Q, E)°. 


Proof 


(1) It follows from Definition 28. 

(2) Suppose that (A,Q,E) is a bipolar hypersoft open 
set. Then, (A, Q, E) is surely identical with the largest 
bipolar hypersoft open subset of (A,, E). But by 
(1.), (A, Q, E)? is the largest bipolar hypersoft open 
subset of (A,Q,E). Hence, (A,, E) = (A,Q, E)°. 
Conversely, let (A,0,E) = (A,Q,E)°. By (1.), 
(A,Q,E)° is a bipolar hypersoft open set, and 
therefore, (A,Q,£) is also bipolar hypersoft open 
set. O 


Proposition 12. Suppose that (X,T gy, E,-7E) is a bipolar 
hypersoft space over X and (A,,Q,,E), (Aj, Q,, E) are bi- 
polar hypersoft sets over X. Then: 
(1) (,¥, E)° = (®,¥, E) and (¥,®, E)’ = (¥,9, E). 
(2) (Ay), B)° E (Ay, O,, E). a 
(3) (Ay,0,,E) E (A,,0,,E) implies (A,,0,,E)° © 
(A,; O,,E)°. - 
(4) (A,; Q,,, E)° n (Ag; Oy, E/)° = ((A,,.Q,,.E)n (A,, QO), 
E))°. 
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(5) (A,,Qy,E)°U (Ay, 0>,£)’ E ((A,,0,,E)L (Ay QO, 
E))’. 
(6) ((A;, Oy, EY’)? = (Ay, 04, E)?. 


Proof 


(1) Since (®,'¥, E) and (¥,®, E) are bipolar hypersoft 
open sets, then by Proposition 11 (2.), we have 
(®, ¥, E)° = (®,¥, E) and (¥, ®, E)° = (¥,®, E). 

(2) Let x € (A,,Q,,E)°; then x is a bipolar hypersoft 
interior point of (A,,Q,,£). This implies that 
(A,, 0, E) is a bipolar hypersoft neighborhood of x. 
Then, x € (A,,Q,,E). Hence, (A,,0,,E)° E (A,, 
Q,, E). 

(3) Let x € (A,,Q,,E)’. Then, x is a bipolar hypersoft 
interior point of (A,,Q,,£) and so (A,,Q,,£) isa 
bipolar hypersoft neighborhood of x. Since 
(A,,0,,E) E (A,,0,, £), (A,,0,,£) is also a bi- 
polar hypersoft neighborhood of x. This implies that 
~ € (A,,.0,,.E)". Thus, (A;,0,, 2)? © (A, 05, 2)’. 

(4) Since (A,,Q,,E) A (A,,Q,,E) E (A,,0,,E) and 
(A,, 0,,E) M (Az,Q,,E) E (A;,Q,,B), we have, by 
(3.), ((Aj,Q,£) 1 (Az,Q,,E))? © (Ay,Q,,E)° and 
(Ay, ),E) 9 (Az,05,B)) © (Az,O,,E)*, implying 
((A;, QE) M1 (Az,),E))? E (A,,0),B)? 7 
(A,,0,E)°. Now, let x € (A,,Q,,E)° 7 (A,Q),E))°. 


Then, x € (A,,0,,E)° and x € (A,,Q,, E))°. Hence, x 
is a bipolar hypersoft interior point of each of the 
bipolar hypersoft sets (A,,0,,E) and (A,,©,,£). It 
follows that (A,,Q,,E) and (A,,0,,E) are bipolar 
hypersoft neighborhoods of x so that their inter- 
section (A,, ©,,£) n (A,, O.,£) is also a bipolar 
hypersoft neighborhood of x. Hence, x € ((A,,Q,,E) 
NM (Az,Q,,£))°. Thus, (Ay,Q,,£)° 1 (A,,Q5,E))? £ 
((A,,0,,E£) f (Aj,Q,,E))°. Therefore, (A,,Q,,E)°n 
(Ag,.Q),E)° = ((Aq, )5E)N(Ag,9),E))*. 

(5) By (3.), (Ap OQ) £ (AO), 2) _U (Ay, QO), E) 
implies (A,,Q),E)? © ((Ay,0,,E) U (Ag, Oy, E))° 
and (A,,0,,£) © (A,,0,,£) U (Ay, O,, E) implies 
(A,,Q5,E)° © ((Ay, 0), E) WL (Aj,.O,, E))’. Hence, 
(A), 0), £)°U(A,,0,,£)°  E ((Ay,0,,E) UA), 
Q,, E))°. 

(6) By Proposition 11 (1.), (A,,Q,,E)° is the bipolar 
hypersoft open set. Hence, by (2.) of the same 
proposition ((A,,Q,, E)°)? = (Ay,Q,, BE)’. O 


Remark 6. The equality does not hold in Proposition 12 (5.) 
as shown in the following example. 


Example 8. Let us consider the bipolar hypersoft topological 
space (X, Tgyx>E, 7E) in Example 2 and let (A, , E) and 
(I, ©, E) be bipolar hypersoft sets defined as follows: 


(A, O, E) = {((@, 3; © 4), (Xi Xa>Xab Wot)» ((@2> 34) Ko Xab Wah} 
(I, ©, E) = {(@, 3, @4), X, $), ((@2, W3, @4), {Xp>Xahs ot) } 


Then, (A,Q, EF)? = (A,,0,,E) and (I, @, E)° = (A,, ,, E) 
and (A, Q, E)’ U (T,@, E)’ = (A3,Q3, E). Now, (A, Q, E) U 
([,@,E) = (¥,0,E£) and ((A,Q,£) U (I,@,B))° = 
(Y, ®, E)° (Y, ®, E). ((A, Q, E))tUn 
T, @, £))’ # (A,Q, E)°U (I, ©, B)’. 


Hence, 


Proposition 13. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space over X and (A, Q,, E) is a bipolar hypersoft set 
over X. Then, (A,Q,E)° E (A,Q,E) © (A,Q, E). 


Proof. It follows from Proposition 10 (2.) and Proposition12 
(2.). O 


Proposition 14. Suppose that (X,T gy, E, 7E) is a bipolar 
hypersoft space over X and (A,,0,,,E), (A,,Q,,E) are bi- 
polar hypersoft sets over X. Then: 

(1) (Ay, Q),£))° = ((Ay, OQ), BE)”. 

(2) ((Aq,Q),E)’)° = ((Ay, QO), ED). 

(3) (Ay, Q),E) = (((Ay, Q), E))°) 


(18) 


(4) (A,; O,, E)? = ((A,, O,, Evy). 
(5) (CAs 0) 5E)\ (Ay, 05, BY)? E (A 0 \ Ag 0B)”. 


Proof. From the definitions of bipolar hypersoft closure and 
bipolar hypersoft interior, we have: 


(1) (A,B) = {(0,,) | (1,0,E) € Tay, (1,8, 
BE) © (Ay,Q,,B)}. ((Ay,0),B))° = [7 {(1,8,E) | 
(T,@,E)° € Tay, (T,@,E) © (A,,0,,E}°. (A, 
0,,B))° = U {(7,0,B)° | (1,0,E)€T gy, (2,0, 
BYE(A,Q.E)}= (ALOE). 

(2) (Ay, 0), E)° = U {(1,0,E) | (1,0,B) € Tay, 
@,E) € (A,,0),B)}. (A,B) = [U (1,8, 
E) | (1,0,E) € Tag, (I, ®,E) Ec (Ay, 0), EH. 
(Ay, 0),£)°) = 1 {1,0,B)° | (1,0,B)€ Taz, 
(Ay, 0), B)°E (L, ©, E)°} = ((Ay, Q), B)’). 

(3) Obtained from (1.) by taking the bipolar hypersoft 
complement. 
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(4) Obtained from (2.) by taking the bipolar hypersoft 
complement. 


(5) ((Ay.0),B) \ (A,B)? = ((A,O,B) 7 
(Ay Qn, BY) = (Ap OB? 1 (Ay OB) = 
(Ap QE)? M ((A,0,B))' = (A,,0),8) 
\(Ag, Og, B) E (Ay, 4, E)\ (Ag, O5, BY’. Oo 


Definition 29. Suppose that (X,T gy, E,-7E) is a bipolar 
hypersoft space over X and (A, Q, E) is a bipolar hypersoft 
set over X. A point x € X is said to be a bipolar hypersoft 
exterior point of (A,O,£) if and only if it is a bipolar 
hypersoft interior point of (A, O, E)‘, that is, if and only if 
there exists a bipolar hypersoft open set (T, ©, E) such that 
x € (T,@,E) E (A,Q, E). The set of all bipolar hypersoft 
exterior points of (A, , E) is called the bipolar hypersoft 
exterior of (A,Q,E) and is denoted by (A, Q, E)’. 


Thus, (A,Q,E)* = ((A,Q,E)‘°)°. It follows that 


((A, Q, E)*)° = (((A, O, E)*)°)° = (A, O, E)’. 
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We also have (A, Q, E)N (A, Q, E)’ = (®,Q, E); that is, 
no point of (A,Q,£) can be a bipolar hypersoft exterior 
point of (A, Q, E). 


Remark 7. Since (A, Q, E)’ is the bipolar hypersoft interior 
of (A,Q,E)‘, it follows that (A,Q,E)*° is the bipolar 
hypersoft open and is the largest bipolar hypersoft open set 
contained in (A, Q, E)’. 


Proposition 15. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space and (A, O, E) is a bipolar hypersoft set over X. 
en, 


(A, 0, B)* = a (I, ©, B)|(T, ®, E)eT qs (T, 8, E) E (AO, By. 
(19) 


Proof. From the definitions of bipolar hypersoft interior and 
bipolar hypersoft exterior, we have 


((A,, E)°)° = ni (I, ©, E)| (I, ©, E) €T gy, (I, @, E) © (A, Q, E)} = (A,O, BY. (20) 


Proposition 16. Suppose that (X,T gy, E, 7E) is a bipolar 
hypersoft space over X and (A,,©,,,E), (Aj, Q,, E) are bi- 
polar hypersoft sets over X. Then: 
(1) (¥, ®, E)* = (0, ¥, E) and (®,¥, E)° = (¥,®, E). 
(2) (Ay,Q),£)° © (Ay, O,, BY. 
(3) (Ay), B)? = (((Ay, BY. - 
(4) (A,,0,,E) E (A,Q,,E) implies (A,,0,,E)° © 
(A,,.Q,, E)’. is 
(5) (Ay, Oy, BY E (Ay, B)°Y* : 
(6) ((A,, QO,, E)u (A,, Q,, E))° = (A), Q,,£)°n (A,, 
Q,, E)’. 
(7) (Ay, Q,, BE) (Ag, Oy, BE)’ E (Ay, O4, E)°U (Ay, O,, 
E)’. 


Proof 
(1) (CY, @, 2) = (4,0, By’) = (0,¥, EY = (0, 1, 8). 


(@, V, E)° = ((®, ¥, E))’ = (¥, ®, E)” = (¥, ®, E). 
(21) 


(2) By definition, (A,,0,,£)° = ((A,,0,, E)°)° and by 
Proposition 12 (2.), we have ((Ay, 01, E)')” Ec 
(A,,0,, B)*. Hence, (A,,Q,,E)’ © (A,,Q,, BE). 

(3) (((Aq, OQ), E))°)* = ((((Ay, Q), E))°)°)” 
= (((((Ay, 0), BE))°) YY" = ((( Aq, 0), E))°)° = 
((A,,0,, E))° = (A,,.0,, £)’. 


oO 
(4) (Aj, Q,,E) © (A,,Q5,E) then (A,,0,,B) © 
(A,,0,,E)*, implying ((A,,0,,E)°)? © ((Ay,Q, 
EY): So, (Asis. EY © (AO, EY 
(5) By (2.), we have (Ay,O), B)°_& (A,,.Q,, E)*. Then, 
(4.) gives ((A,,Q,,E)°)’ © ((Ay,Q,, E)%)*. But, 
(Ay, O,, E)°? = ((A,,0,, E)‘)*. Hence, (A,,0,, E)° 
E ((Ay,0,, 8). 


(6) (A, O,,E) OU (Ay, E))® = ((A0,B) 
(AL, O,.BV)" = (Ay, 0),E) (Ay, 0,27 = 
((A,,.Q,, E)°)°n ((A,, Q,, E)°)° = (Ay, O,, E)’ n 


(A,, Q,, E)°. ; 

(7) ((A,,Q),E) MM (Aj,0,,E))° = ((Ay,Q), E) 
(Ag, 04, E))" = (Ay Oy, £) WU (Ay, 05,E)*)? 
((A,,0,,E)) 9° ((A,,.0,, E)°)? = (Ay, 0, E)® 
(A,, Q,, E)’. 


IMR x 


One 


Definition 30. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space over X; then, bipolar hypersoft boundary of 
bipolar hypersoft set (A,Q,E) over X is denoted by 
(A,Q,E)® and is defined as (A,Q,E)’= (A,Q,E)n 
(A, O, E)’. 


Remark 8. From Definition 30 it follows that the bipolar 
hypersoft sets (A, QO, E) and (A, Q, E)* have the same bipolar 
hypersoft boundary. 


Proposition 17. Suppose that (X,T gy, E,-7E) is a bipolar 
hypersoft space and (A, O, E) is a bipolar hypersoft set over X. 
Then: 
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(1) (A,0,E)’ E (QB). 

(2) (A,O, B)’ = (A, QO, E)\ (A, Q, E)°. 

(3) ((A,Q, E)’)* = (A, Q, E)°L (A, Q, BY. 
(4) (A, Q, EB)’ E (A,Q, E)\(A,Q, B)”. 

(5) ((A,O,E)°)’ E (A,0, B)?. 

(6) ((A,0,B))’ © (A,0,B)°. 


Proof 


(1) By definition, (4,0, 5) = (A, O, E)N(A,Q, BE). 


Hence, (A,Q, E)’ E (A,Q, E). 

(2) (A,O,E)® = (AOE) mn (A,0,5% 
(A, QO, E)n ((A, QO, E)°)* = (A, O, E)\ (A, O, E)°. 

(3) ((A,0,E))’ = [(0,E) mn (AOE = 
((A,Q,E))® u ((A, O, E)*)* =((A, QO, E)°)°u (A, 
Q, E)° = (A, Q, E)°U (A, Q, E)’. 

(4) (A,O,B) \ (A,0,E)’ = (A,0,B) A ((A,, F))* = 
(A,Q, E) n ((A,Q, E)° u (A, QO, E)*) = ((A, 0, E) 


(A; ), E) 
(Aj, Q,, E) 
(As, 3, E) 


Let (A, , E) be any bipolar hypersoft set defined as 


= {((@1, 3, @4)s {Xi} sh)» ((@2» 3 4)> Xi} Hs} 
(23) 


(A, O, E) 


Then, 
(A, O, E)” ={((1, 5, 4), {Xo Xa})> ((@2» 3, 4), fa} fxs} 
(A, 0, E)” = {((@1, 03, 4), $, {(X3})» (Wr @5» 04)»  {XroXs})} 

(24) 
Hence, 


(A, Q, E)° # (A, Q, E)\(A, Q, BE)’. (25) 


Proposition 18. Suppose that (X,T gy, E, 7E) is a bipolar 
hypersoft space over X and (A,,04,E), (Ay; Oy, E) are bi- 
polar hypersoft sets over X. Then: 


(1) (Ay, 0), B)U (A,,0,,E))’ © (A,,0,,5)*u 
(Ay, On, E _ Z 
(2) (Ay, Q,,E))tFinAy, O,,E))’ E (Ay, 0,,E)PU (Ay, 
0,, E)’. 
Proof 
(1) ((Ay, QE) u (Aa), B)) - 
[(Aj,O4, E)U (Ay; QO, E)] A[((A,,9,B)U 


(A,,Q,,E))} = [(A,,0,,E) u (A,,0,,E)] 
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(A,Q,E)) U ((AQ,B) 1 
Q, E)°O (®, O, E)A(A, Q, E)?°. 


(5) ((A,0,B))” = (A,0,EY o 


(A, O, E)°) = (A, 


((A,Q, E)°)" = 


(A,Q,E) A (A,O,BE*C(A,0,B)U(A,O, BY = 
(A, Q, EB)’. 

(6) ((A,0,B))” = (A,9,E) A (A,O,B)).£ (0,6) 
L(A, Q, BE! = (A,Q, E)’. Oo 


Remark 9. The next example shows that the equality of 
Proposition 17 (4.) is incorrect, whereas it is equal in 
hypersoft topology. 


Example 9. Let X = {X1sXo»X3}> Ey = {@1,@2}, E, = {ws}, 
and E; = {w,}. Let T gy = {(®,¥, E), (¥, ®, E), (A;,.0,, B), 
(A,,0,,E), (A;,03,E)} be a bipolar hypersoft topology 
defined on X where (Aj, 0), E), (A), Q,, E), and (Az, O3, E) 
are bipolar hypersoft sets over X, defined as follows: 


= {((@1, 3, @4)> {Xa} Wah)» (@2. 03, @4)> ab Ka Xa b 
= {((@1, ©, @4)s bs {Xo X3})> ((@2s 3 @a)> Kab Wah) (22) 
= {((@1, ©, @4)s {Xa} 6)> (2; 3, 04) XX3h> O)}- 


Ee 


P(A, 4,8) (Ay, OE) E [A OnE) 

(Ay OE] AA, O, EY 1 (Ay, 9B) = 
[(Ay, 4, E) n ((Ay, QO), E)° n (A3,Q,, E)*)] u 
[(Az, Q), E) n ((Ay, QO), E)® n (Aj,.0,, E)')] = 
[((Aq, Q), E) n (Ay, 0), E)) n (Ag,.0,, E)*] u 
[((Ay, Qo, E) n (Aj, QO); E)*) M (Ay, BY] 2 
[A,B M (AQ ES] UW [(Ay OE)? 


(Ey ] Ee (Ay, B) Li (A,,0,,B)°. 
(2) (Ap, 215 E) (An, OnE)” = =[(A,Q,E)n (A, 


2: 
Q,, B)] PEA 245 E)M (Aa, On BY c 
[(A,, Q,, £) n (A, O, E)] PE (Ay, Q, B)A (Ag, 
0,, E))*] =[(A,,0,, 2) n (Az, 8)) 7 (A, 3055.8) 


U (A, OB = [(A,OnE) Mn (A,9,£) 
N(A, QO, EY} U [(A,O,8) 1 (A,B) 0 
(Aj, O4, E)] =[((A,, O,, £) n (Ay, 0, E)’) n 
(Az,0,8)] U [(A,O,8) A1((A;,0,,8)) 7 
(A,,0,£))] = [te n (Ay, 2) 
U[(A}, QO), E) M (Ay, Q,, EB)? JE Ay Oy E)’ L 
(A5,.05, E)?. oO 


Proposition 19. Suppose that (X,T gy, E,7E) is a bipolar 
hypersoft space and (A, O, E) is a bipolar hypersoft set over X. 
Then: 


12 


(1) (A,Q, E)°U (A, Q, BE)’ E (A,Q, B). 
(2) (A, Q, BE)’ LI (A, Q, E)°U (A, O, E)® E (¥, ©, E). 


Proof 


(1) (A,Q, E)°U(A,Q, BE)? = (A, 0, B)° U [(A,9,B) n 
(AO, B)] = [(A,0,£)° u (A,0, 5] 1 [(A,0, EY 
U (A,0, 5) (A,0,E) mn [(A,Q,EY w 
((A, 0, E))"] © (A,0, En (¥, ®, B) = (A, Q, E). 

(2) By Pappossiou 17 (jy (A,0;8)° u (A, O, E)° 
((A,.9, 8)" then (A,0,£)? U (A,Q,)° U (A, 
Q,E)’= ((A,Q,E)*)U((A,Q,B)) EE (%, 
BE). Oo 


(A, O, E) = 


(Ay,Q4, EY = {((@1 3, 4)s {Xi} 3h)» ((@2» 3» @a)> Kao Xab Wah} 
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Remark 10. The quality of Proposition 19 (1.) and (2.) does 
not hold in general, whereas it is equal in hypersoft topology. 


Example 10. Consider T gy and (A, Q, E) given in Example 
9. We found that 


(A, O, E)° = {((@1, @3; 4), $ [Xa Xs})> ((@2> 35 4) Kab usb) 


(A, Q, E)’ = {((@, ©, @4)s bs {X3})> ((@2> 3» @a)> bs XaoXah)}- 
(26) 


Now, 


(27) 


(A, O, E)* = {((@, 3, @a)s {x3} Wit)» ((@2> 3» @a)> ah Xa Xah)} 


Then, 


(A,.Q, B)°U (AQ, EB)” ={((w,, 05, 04), & {xs})s 


-((wp Ws 04)e4xi} 5) }# GOD), 
(28) 


Also, 
(A, Q, E)°H(A, O, E)*O(A, Q, E)’ ={((w,, 5, w4), {x3}, ¢) 


((@2, 03,4), XrXah>O)} # (Y, ®, E). 
(29) 


Proposition 20. Suppose that (X,T gy, E,-7E) is a bipolar 
hypersoft space and (A, Q, E) is a bipolar hypersoft set over X. 
Tf (A, QO, E) is a bipolar hypersoft open set, then (A, QO, E) and 
(A,Q,E)” are disjoint bipolar hypersoft sets, that is, 
(A, QO, E)n (A, 0, E)” = (®,O, BE). 


proof. Let (A,Q,E) be a bipolar hypersoft open set. By 
Proposition 17 (3.), (A,Q,E)? E ((A,Q,E)*)*. But 
(A, O, E)° = (A, QO, E) since_(A, O, E) . a bipolar hypersoft 
open set. Hence, (A, Q, E) E ((A,Q, E)? )°. This implies that 
(A, O, E) and (A,Q, E) are : disjoint bipolar hypersoft sets, 
that is, (A,Q, E)N (A, Q, E)’ = (®,Q, E). oO 


Remark 11. The next example illustrates that the opposite of 
Proposition 20 does not hold in general, whereas it is true in 
hypersoft topology. 


Example 11. Consider T gy, (A, Q, E), and (A, Q, E)? given 
in Example 9. It is easy to see _ that 
(A, O, on (A, QO, E)’ = (®,Q,E). Hence, (A,O,E) and 
(A, Q, E)’ are disjoint bipolar hypersoft sets, but (A, QO, E) is 
not a bipolar hypersoft open set. 


Proposition 21. Suppose that (X,T gy, E, 7E) is a bipolar 
hypersoft space and (A, Q, E) is a bipolar hypersoft set over X. 
If (A, O, E) is a bipolar hypersoft closed set, then 
(A,Q, FE)” E (A,Q, E). 


proof. Suppose that (A, O, E) is a bipolar hypersoft closed 
set. By Proposition 5 (1.), (A,Q, E) E (A,0, 6). Since 
(A,Q,E) is a bipolar hypersoft closed set, then (A, 
Q, E) = (A,Q,E). This (A, O, E)? E (A, 
QO, E). Oo 


implies that 


Remark 12. The converse of Proposition 21 is false in 
general, while it is true in hypersoft topology. 


Example 12. Consider T gy, (A, Q, E), and (A, Q, E)? given 
in Example 9. It is easy to see that (A, Q, E)” E (A, Q, E) but 
(A, Q, E) is not a bipolar hypersoft closed set. 


Proposition 22. Suppose that (A, Q, E) is a bipolar hypersoft 
set of a bipolar hypersoft space over X. If (A, Q, E) is a bipolar 
hypersoft open set and a bipolar hypersoft closed set, then 
(A, Q, E)’ = (®, 0, E) 


proof. Suppose that (A, Q, E) is a bipolar hypersoft open set 
and_a_ bipolar, hypersoft closed set. Then (A,Q, EP 
(A, Q, E) n (A, O, E)° = (A, Q, E) 
((A, Q, E)’)* = (A, 0, E)n (A, Q, E)* = (®, O, E). 


piss. 


Remark 13. The next example shows that the opposite of 
Proposition 22 is incorrect in general, while it is hold in 
hypersoft topology. 


Example 13. Consider T gy, (A, QO, E), and (A, QO, E) given 
in Example 9. We saw that (A,Q, E)’ = = (0,0, E), but 
(A, O, E) is neither a bipolar hypersoft open set nor a bipolar 
hypersoft closed set. 
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Proposition 23. Suppose that (X,T @v;,E,-7E) is a bipolar 
hypersoft space and (A, O, E) is a bipolar hypersoft set over X. 
Then: 

(1) (A,0, BE)" (A,O, £)? = (®,, B). 

(2) (A, Q, E)°M (A, Q, E)’ = (®, O, E). 


proof 


2B) 
= (A, Q, E)° n 
(A, Q, E)° = (A, QO, E)°n ((A, O, E)°)* = (®, O, E). 


(2) (A,Q, B)’ A (A,0,B)’ = ((A, 0, BY’ 1 [9B 


(A, Q, E) 
n (A,O 


(1) (A,Q, BE)° (A, 0, E)’ = (AO, EY 
(A, Q, E)] = [(A,0, En (A,0,5)] 


n (A,0,B)] = ((A,0,8))° Oo [(A,0,B) o 
((A,0, ))"] = [((A,Q,F))" A (A,0,B)] 0 
(A,O,E)]=  (®,0,E)N((A,Q,B))° = (®,9, 
E). Oo 


5. Conclusions 


We have introduced bipolar hypersoft topological spaces 
over the collection of bipolar hypersoft sets. The notions of 
bipolar hypersoft neighborhood, bipolar hypersoft subspace, 
and bipolar hypersoft limit points are introduced, and their 
elementary characteristics are investigated. In addition, we 
have defined bipolar hypersoft interior, bipolar hypersoft 
closure, bipolar hypersoft exterior, and bipolar hypersoft 
boundary, and the relations between them are studied. In the 
end, it is necessary to establish more topological structures 
such as compactness, connectedness, and separation axioms 
for the practical applications. 
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